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INTRODUCTION 
In [6], P. H. Rabinowitz proved the existence of a classical solution z&(x, t) 
on [0, n] x (-co, co) with 2n-period in t and Dirichlet boundary condition 
in x of a nonlinear wave equation in one dimension containing a small 
parameter 
The solution obtained has the form; zc(x, t) = v(.x, t) -+ EZU(X, t), where 
zi(x, t) = V(X, t; C) is a 2r-periodic solution of homogeneous equation and 
ZL’(X, tj = w(x, t; e) is a 2r-periodic function which is orthogonal to all 
2a-periodic solutions of homogeneous equation. His main assumption on 
f(~, t, U) is thatf is uniformly monotonic in U, i.e., af/& > I; > 0 for some 
constant /I, but any growth conditions in u are not required. 
On the other hand, W. S. Hall [3] tried to remove this strong monotonicity 
condition and treated the equation of the form 
gu + (--1)P (g u = czf(x: t, u). (2) 
For this equation, an existence theorem of (weak) 2a periodic (in t and xj 
solution was given under the weaker assumption a/auf > 0, but addmg a 
growth condition in u. Particularly as an example he considered the case; 
f(x, t, uj = i u 1% + g(x, t) (CX > 0). The solution obtained, however, 
belongs only to L, space (LafB space in the examplej and nothing was investi- 
gated about the regularity of the solution. Similar existence theorem to the 
one of Hall was given by G. Torelli [g]. (S ee also M. Nakao [4].) In a recent 
paper [7l, P. H. Rabinowitz studied the existence of classical periodic solution 
for (1) with ,f(~, t, U) = z?‘+1 f g(x, t, u), where k is a positive integer and 
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g(x, t, u) is a periodic function satisfying monotonicity condition in u and 
appropriate smoothness conditions in the variables. The object of this paper 
is to study some regularity, especially Holder continuity, of 27r periodic weak 
solutions of a class of equations which contains as an example 
(3) 
Periodic solutions of nonlinear wave equations have been studied by 
several authors (L. Cesari [I], J. I<. Hale [2], 0. Vejvoda [9], and others), but 
our method seems to be different from theirs. 
1. DEFINITIONS AND PRELIMINARIES 
First, we shall give definitions of function spaces which will be used 
constantly. Functions to be considered are all real valued and 2P-periodic 
in two variables x and t. “Periodic” will mean 2n-periodic in the variables. 
L, (1 < p < + co) is the Banach space with norm ]I . lip consisting of periodic 
functions u(x, t) defined on R2 satisfying 
H I,e is the completion of the class Cr of once continuously differentiable 
periodic functions with respect to the norm 
II ‘l IL = II 24 II9 + II % 112, + II Ut I19 3
which renders Hl,P with the structure of a Banach space. We say u E Lip(a, p) 
withO<ol<lifuEL,and 
where 
11 u(. + h, * f- K) - u(-, *)I[, = Is,“” I” 1 ld(X + h, t + k) - ‘4(x, tp dx fq? 
Lip(ar, p) becomes a Banach space in the usual way with norm )I * lIr,ip(a,a); 
11 u Illip(E,o) = 1) u IIB + 1 zl JLip(=,~) . It is known that Lip(1, p) is isomorphic to 
HI,, and Lip(ol, p) C C - / 0~ 2p i a- 2/p > 0 (A. Ono [5]), where Cfl is the f 
space of Holder continuous functions with exponent /3. For convenience, we 
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put Lip(0, p) = L, . Finally we define the space 1, (I < p < -t CO) which 
consists of formal Fourier series u = z,n,n u,,, eimX eint satisfying 
where the sum xm,n is to be taken over all integers nz and n. The norm 
ji . jlz, being replaced by ( . jD , we can define the spaces lip(a, p) similarly to 
Lip(ol, p). The following lemma is well known. 
LEMMA 1. (i) If u EL, , u has the representation u = CTns, a,,,, einxz eiizt iz 
L 9’ 
(ii) If 1 < p < 2 and q = p/(p - 1) be the conjugate exponent to p, 
then we have 
I u I4 G c II 1.5 IID 
for a certain constant C. 
(ii) implies of course that L, C Z, and I, C L, for such p and q. Throughout 
this paper we take q as the conjugate exponent to p. 
Now we consider the equation 
a% a% _-_ 
at2 a2 = f(X, t, 21) 
or 
(1.1)’ 
Let N, be the completion with respect to the norm j[ . jj9 of smooth periodic 
solutions of homogeneous equation (l.e(l.1)’ with E = 0). If u is a weak 
periodic solution of (1.1) (or (l-l)‘, i.e., solution in the sense of periodic 
distribution, and f (.1c, t, u) EL, , it must hold thatf(x, t, U) E NB”; 
2R 
s s 
2zf(~, t, u) $(x, t) dx dt = 0 for V$EiV,. (1.2) 
0 0 
We call (I .2) the bifurcation equation associated with (1.1) (( 1. I)‘). Here we 
make assumptions on f(~, t, u). Setting F(u) = f (x, t, u), we assume that 
(A) F takes an element of La+2 into L(m+2),(Ji+l) (a > 0) and satisfies 
II FW - Wllb+2)h+l) B W u lla+e , II v l!E+2) il u - u II:+:,, (1.3) 
withsomeO<~<lforanyu,~~L,+~. 
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(B) Let 01 be as in (A), then 
for any 21, v EL,+z with some constants 01s > 0 and /? > 0, where (f, g) 
means SF s;5” fg dx dt. 
(C) SettingF,&zc) =f(x + h, t + k, u), we have 
for some 0 < 0 < 1 with a! in (A). In (A) and (C) C’s denote constants 
depending on the arguments indicated continuously. The following existence 
theorem can be derived easily from Hall [3]. 
THEOREM 1. In addition to the assumptions (A) and (B), if we assume that 
f (x, t, u) is continuous in u on Jinite dimensional subsets of Lo1+2 , then (1.1)’ has 
at least one periodic solution 
u(x, t) = v(x, t; c) + w(x, t; e) EL,, , 
for s@ciently small E, where v is the solution in Naez of (generalized) ba&rcation 
equation 
2n i s 2n f (x, t, v + w) 9(x, t) dx dt = 0 for all $ E Naff , (l-6) 0 0 
and w E La+B n Nk+BJ,(or+lj satis-es 
g w - g w = ef(x, t, u) 
in the weak sense. 
U-7) 
Throughout the remainder of this paper we assume the existence of periodic 
solutions zc EL,, of (1.1) an investigate some regularity of them. We note d 
that every periodic solution u EL,,, of (1.1) can be written in the form 
u = ZI(X, t) + w(x, t), where v belongs to IV,,, and satisfies (1.6) and w is a 
solution in LoicB n N&+z,,c,+l, of the equation 
(1.7)’ 
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2. SOLUTIONS OF LINEAR EQUATION 
Before proceeding to nonlinear equation, we study the solutions of the 
linear equation 
~+u-~w =f(x,t). (2.1) 
We obtain the following theorem. 
THEOREM 2. Ijj~ Lip@, p) n N,l witlz 1 < p < 2 and0 < p < 1, (2.1) 
kas a unique (weak) periodic solution zu E Lip(r, q) n N,L fw 0 < QY < 
2 + p - 2/p and the following estimate holds for w 
ll W llJ.,ipb,d d const IlfllLip(8,d - (2.2) 
Here roe replace Lip(r, 4) by HI,, Ejf 1 > fl > 2/p - 1 and (2.2j becomes 
II w i/k4 < eons ilfli~ipfm . (2.2j’ 
Proof. Since the casep = 2 is simpler than the others (cf. Rabinowitz [6]), 
we assume that 1 < p < 2. Since f E Lip@ p) n Nni, f has the representation 
and hence under the assumption of existence zu must have the representation 
Define ZL! as above, and applying Holder’s inequality 
Since q/(q - 2) > 1, the right hand side is convergent and we have 
or using Lemma 1, 
l~l~<constlfl,, (2.3) 
II w/IQ B cons llfll, =c +m. - (2.3) 
505/17/I-I3 
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Next we shall show that w belongs to a Lipschitz space. 
by Hiilder’s inequality 
d C(r~ B3 is’) If IEipk3,d for 0 < V/3’ < /3. 
Here we used the fact that Clrnl+;lnl (1 m 1 + 1 n 1)‘~s’/j m2 - n2 j)~l@-P) is 
convergent, forp/(2 - p) - p/(2 - p)(T - p’) = p/(2 - p)( 1 - Y + /3’) > 1 
by assumption if p’ is sufficiently close to p. It follows that 
I W iLipb,d d const If /Lipb,n) Y 
using Lemma 1, we have 
I w 1Lipb.a) d const lflLiph3,d < +a2 
combining (2.3)’ and (2.4), we have 
II W lILip(r,n) ,< cona IlfllLip(P,~~ 9 
(2.4) 
which proves the former part of the theorem. 
For the latter assertion it suffices to note that if 1 > p > (2/p) - 1 we may 
take r = 1 in the above calculation and that Lip(1, 4) is isomorphic to 
H 1,Q * Q.E.D. 
Remark. If p = 4 = 2, it is easily seen by a similar calculation as in 
Theorem 2 that II wt I!Lip(r,z) + !I w, llLip(r,z) < const lIfIILip(r.~) for 0 < r < 1. 
3. SOLUTION OF BIFURCATION EQUATION 
Let w E Lip@, a: + 2) and z, be the solution in N,, of (generalized) 
bifurcation equation B?r 2 r 1 s f (x, t, D + w)cj dx dt = 0, ‘0 0 (3.1) 
for all 4 e Na+s . 
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We prove then the following theorem. 
THEOREM 3. Under the Assuwzptions (A), (B) and (C), ;f m E Lip(r, 01 + 2), 
then we have 
( min(0, 17’) vELip ----;--,a+2 “lj t 1 ) 
Proof. Take C/I = (u”)-” in (3.1), where we set 
[“ix, “) = [(x + 12, t) - [(x, t) for functions 5(x, t). 
We have then, noting the periodicity of functions, that 
“-?I 2?r 
s s f(x, tv + ZU)h vfi d,Y dt= 0. 0 0 
The integrand can be written as follows: 
(3.2) 
And by(C), 
Thus we have 
The similar inequality holds for V(X, t + k) - v(x, t) and we can con&de 
that v E Lip(min(B, ~Y)/(cx,, + l), 01+ 2). Q.E.D. 
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4. REGULARITY 
In this section we shall combine Theorems 2 and 3 to prove the Lipschitz 
continuity in Ls+2 of periodic solutions of nonlinear Eq. (1 .l). 
Let zc = v + w be a periodic solution of (1.1) with v E N,,, satisfying (1.6) 
and w ELM n N&+2)lla+l) satisfying (1.7)‘. Since u EL,, , we have 
m 4 4 ~~W,,(a+1, - Thus if 0 < r,, < 2/(01 + 2) we obtain by Theorem 2 
with p = (a + 2)/(01 + 1) and ,FI = 0 that w E Lip(rs , 01 + 2), and this fact 
implies by Theorem 3 that 
vELip ( 
min(R yore) 
ol,fl ’ 
o1 + , 
) Y*
Hence we can use Theorem 2 again to obtain that 
z0 E Lip(v, , QI + 2) with 0 < b-1 < rl mWT yod + 2 
010 + 1 01+2 
if 
and 
w E Hl,ol+P if rl mid& y,rl) , 01 %) -t 1 Tyr 
We can apply Theorem 3 again to get 
v E Lip ( 
min(4 y17) 
010 + 1 
,01+2, if ) 
rl mi46 yd G a 
80 + 1 -q-T-’ 
and 
v E Lip ( min@- 7) , ~ + 2 010 + 1 19 
if rl min(4 rorl) , O1 . 
%j + 1 a+2 
Noting that we can choose Y, arbitrarily close to 2/(01 + 2) and also y1 to 
rl mW& 271/(cy. + 2)) + 2 
010 + 1 a:$-2’ 
we obtain finally the following. 
THEOREM 4. Under the assumptions (A), (B) and (C), a periodic solution 
u = v+ WEL,+* of (1.1) satisfies tJ2e following regularity. 
PERIODIC SOLUTIONS 195 
(i) Ijy min(6,27j/(a+2))/(%+1) < 443, v E Lip(mWt fT>/(%+1)5 
c+-2)andwELip( T’, 01 + 2) zkth 0 < VT < 7 min(B, 2q/(a $ 2))/(u0 -!- 1) + 
2/b + 21; 
(ii) 17f7j min(0,24(o1+2))/(~++1) > a/(01+2), v E Lip(mWA q)/(a,+l>, 
a + 2) and w E HI,a+B . 
The following is immediate from above. 
COROLLARY 1. In addition to the conditions qf Theorem 4, if zue assume 
0 == 17 = 1 and q, = 01, then zue have 
(i) 21 E Lip(r/(ol + 1), 01+ 2) and zu E Lip(r, 01+ 2jforO .< VP < 2/(01 4- 1 j 
zya > 1, 
(ii) v E Lip(l/(ol + l), 01 + 2) and zu E HI,a+z if 0 < 01 < 1. 
If r is taken sufficiently close to 
min(e, 27d(c~ + 2)) + 2 
010 + 1 -zg’ 
we have r - 2/(a + 2) > 0 and with the aid of imbedding theorem between 
usual H6lder spaces and Lipschitz spaces in L, [5], the following inclusion 
relation holds with their corresponding norms; 
and also 
Lip(r, N + 2) C Cr-Bl(a+2), 
HI af‘L C C1-2/(a+2). 
If o! = 0, we use the remark made after Theorem 2 and Sobolev’s lemma 
to obtain 
WEP for some /3 > 0. 
Hence we obtain the following corollary. 
COROLLARY 2. Under the conditions of Theorem 4, zu is a HGldu continuous 
function for all a > 0. 
On the other hand, it is easily seen that an element v of iVo,+z has a form 
v = p(x + e) + q(w - t), where p and q are functions with period 2n in the 
variable, and that v beIongs to IV,,, n Lip@, 01+ 2) if and only if p and q 
belong to Lip@, OL + 2) as one variable functions, where the integral in the 
definition of Lip@, 01+ 2) is to be taken over [O, 2rr] in the case of one 
variable. Since 
Lip(cx, p) C 0--l/P 
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in the case, we obtain 
No,+& n Lip@, 01 -+ 2) C P--1/(*+2) if /3 > l/(a + 2). 
From these facts we can conclude: 
COROLLARY 3. Under tJze same Jqpotheses of TJzeorem 4, 
(9 if 
?I mint& 27G + 2)) G 01 
a0 + 1 a+2 
and mi@, rod , 1 
010 + 1 a+2 
with r. = min(P, 2~/(01 + 2))/(% + 1) + 2/(01 + 2), or 
(ii) if 
‘I nlin(e, 277/(a + 2)) , 01 
010 + 1 a+2 
and mid& 77) , 1 
010 + 1 -qT’ 
a periodic solution u E L,+x of (1.1) is a Hiilder continuous fu?lction. 
We get immediately from above the following corollary. 
COROLLARY 4. Ilhder the conditions of Corollary 1, a periodic solution 
u EL,,, of (1.1) is Hijlder contimlous ajp 0 < a! < 1/% 
5. &AMPLES 
For illustration we give two examples. 
(1) We takef(x, t, U) = 1 u 1% +g(~, tj. 
If g EL(~+~),(,+~) , Theorem 1 implies the existence of periodic solution 
UEL,,, of (ll)‘, and in addition if we assume g E Hl,~~+2),~W+I) we can 
conclude by Corollary 3, that u is a Holder continuous function if 0 < a: < ~‘3. 
(2) Next we consider f (z, f, U) = h(x, t) ( u 1% + u/l u 11-7 + g(x, t). 
Let h E Co, 0 < m < h(x, t) < A4 for some constants m and M, and 
g E Lip(R (a + 2)/(a + I)), t . i IS easily shown that the assumptions (A), (B), 
and (C) (01~ = CX) are fulfilled. For simplicity we take 0 = 1. By Corollary 3, 
we can conclude in this case that a periodic solution E LE+“, of (1.1) is Holder 
continuous if either (a) or (b) is satisfied, where 
__- 
(a) 0 < r < l/401(01 + 1) and q3 + q(ol + 1) > (01+ l)a/2 and 
(b) y/ga(ol+q < 7 < 1 and (a + l)](a + 2) < 7 d 1. 
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Particularly in the case a: = 0, a periodic solution EL, is Hiilder continuous 
if + < q < 1, and in the case 01 = 1 a periodic solution EL, is Hijlder 
continuous if q3 + 27 - 2 > 0 and 77 < 1. 
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